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Objective: 

 To construct a hydromechanical model that 

• includes finite deformations, plasticity and swelling 

• is based on direct experimental data (rather than on micro-scale 

modelling) 

• is experimentally validated 

- The set of experiments needed to find the necessary material properties 

should be feasible and minimal. 

- The model is first applied in one-dimensional swelling of purified 

bentonite in a narrow channel  => Validation. 

- Generalized to an arbitrary three-dimensional case => Comparison 

with wetting/swelling data from X-ray tomography. 

Applications: 

• bentonite buffer behaviour 

• erosion modelling  

The research leading to these results has received funding from the European Atomic Energy Community's Seventh Framework Programme (FP7/2007-2011) under grant agreement n∞ 295487. 
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Material properties. 1D compression experiment 

- Wet bentonite is considered as an elasto-plastic material with well 

defined elastic domain and yield behaviour 

 



Result: elasto-plastic behaviour in uniaxial compression:  

 Exp. result (for a constant water content) Simplified behaviour in terms of effective strain 

The experiments give 

• Yield stress 

• P –wave modulus   

• Max. elastic strain 

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ
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|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
ν
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σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdependingon thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism(seebelow).
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and water content. Wechoosethestrain measuretobe = ρ/ρr , whereρ is thepartial density of thesolid

phaseand ρr isa referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, wheretheelastic domain

isassumed to belinear with theslopesof elastic curvesfitted using thereloadingpart of thedata.
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
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|, τc , (2)

where s = sign
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and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
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σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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the swelling mechanism (see below).
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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Figure 2: a) Experimental st ress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial strain 0
sw. In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (see fig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield stress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic strain e = e( p, η)

where = ∆ h/ h0 is the linear strain and p is the plast ic strain (see Fig. 2 b)
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by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial strain 0
sw. In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.
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Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is
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strain p, water content η and x-direct ional normal stressσ (seefig. 4). The water content of the bentonite
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
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|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |

dσ

dx
| ≤
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τc. In the no-slip case |
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| <
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| =
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τc leads to a balance equat ion
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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We take the wet bentonite to beelasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).
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is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-
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the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take thewet bentonite to beelasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdependingon thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism (seebelow).

1.3 Material properties

Wetakethewet bentonitetobeelasto-plasticmaterial withwell definedelasticdomainandyieldbehaviour,

and assumethat all thenecessary material parameters aremeasured in sufficiently largedomain of strain

and water content. Wechoosethestrain measuretobe = ρ/ρr , whereρ is thepartial density of thesolid

phaseand ρr isa referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, wheretheelastic domain

isassumed to belinear with theslopesof elastic curvesfitted using thereloadingpart of thedata.
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∂

∂xi
)

= gi j dxidxj + gi j (∂lu
j dxldxi + ∂ku

idxkdxj + ∂ku
i∂lu

j dxkdxl)

= ...

= dl2 + 2 i j dxidxj ,

2

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)
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uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).
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and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid
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Kuvamerkint öjä: p e σ σY ( p, η) κ( p, η) η = const.

dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk)(dx j + ∂lu
j dx l ) (merkit ään: ∂i ≡
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial st rain 0
sw. In other words, we assume that, in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (see fig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield stress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic strain e = e( p, η)

where = ∆ h/ h0 is the linear st rain and p is the plast ic strain (see Fig. 2 b)
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by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.
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sw. In other words, we assume that , in addit ion to material propert ies listed above, the
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).
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and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).
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For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.

Kuvamerkint öjä: p e σ σY η
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdependingon thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism(seebelow).
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t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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−Adσ + τ ldx = 0. (1)
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,
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and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Kuvamerkintöjä: p e Y σ σY( ,η) κ( p,η) η= const.

Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial st rain 0
sw. In other words, we assume that, in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , strain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (seefig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield stress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic strain e = e( p, η)

where = ∆ h/ h0 is the linear strain and p is the plast ic strain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial strain 0
sw. In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.
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Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , strain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (seefig. 4). The water content of the bentonite
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where                    = linear strain, 

                              = plastic strain 

                              = water to solid mass ratio   

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form
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where s = sign
dσ

dx
and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
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σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake thewet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies
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and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).
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We take thewet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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−Adσ + τ ldx = 0. (1)
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and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.

Kuvamerkint öjä: p e σ σY ( p, η) κ( p, η) η = const.

dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk)(dx j + ∂lu
j dx l ) (merkit ään: ∂i ≡
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
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where s = sign
dσ

dx
and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
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|, τc , (2)

where s = sign
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dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
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dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to beelasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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∂

∂x i
)

= gi j dx i dx j + gi j (∂lu
j dx ldx i + ∂kui dxkdx j + ∂kui∂lu

j dxkdx l )

= ...

= dl2 + 2 i j dx i dx j ,

2

a) b) 
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)
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st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to beelasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdepending on thesign s of thestressgradient. Thesign must befound separately based on

theswellingmechanism (seebelow).

1.3 Material properties

Wetakethewet bentonitetobeelasto-plasticmaterial withwell definedelasticdomainandyieldbehaviour,

and assumethat all thenecessary material parameters aremeasured in sufficiently largedomain of strain

and water content. Wechoosethestrain measuretobe = ρ/ρr , whereρ is thepartial density of thesolid

phaseand ρr isa referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, wheretheelastic domain

isassumed to belinear with theslopesof elastic curvesfitted using thereloadingpart of thedata.
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∂

∂xi
)

= gi j dxidxj + gi j (∂lu
j dxldxi + ∂ku

idxkdxj + ∂ku
i∂lu

j dxkdxl)

= ...

= dl2 + 2 i j dxidxj ,

2

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)
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the swelling mechanism (see below).
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Figure 2: a) Experimental st ress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial st rain 0
sw. In other words, we assume that, in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw , η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (see fig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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Figure 2: a) Experimental st ress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield stress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic strain e = e( p, η)

where = ∆ h/ h0 is the linear strain and p is the plast ic strain (see Fig. 2 b)
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In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of
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sw. In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
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The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form
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and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the t ransverse normal st ress which, in the case of one-

dimensional const ricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
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σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the st rain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-st rain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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∂

∂x i
)

= gi j dx i dx j + gi j (∂lu
j dx l dx i + ∂kui dxkdx j + ∂kui∂l u

j dxkdx l )

= ...

= dl2 + 2 i j dx i dx j ,

2

Yield curve 

 

Elastic lines 

slope (P-wave modulus) 

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the t ransverse normal st ress which, in the case of one-

dimensional const ricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-st rain behaviour of bentonite in a

uniaxial const rained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Figure 2: a) Experimental st ress-st rain curves of purified bentonite at various constant values of water

content η. b) Simplified st ress-st rain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic st rain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling st rain sw as a funct ion of water content η for various values of

init ial st rain 0
sw . In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling st rain sw = sw( 0
sw , η).

The expected qualitat ive behaviour of free swelling st rain is shown in Fig. 3.

1.4.1 One dimensional const r ained swel l ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)
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and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the st rain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured st ress-st rain behaviour of bentonite in a

uniaxial const rained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk )(dx j + ∂l u
j dx l ) (merkit ään: ∂i ≡
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dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk )(dx j + ∂l u
j dx l ) (merkit ään: ∂i ≡
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t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the st rain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured st ress-st rain behaviour of bentonite in a

uniaxial const rained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdepending on thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism (seebelow).

1.3 Material propert ies

Wetakethewet bentonitetobeelasto-plasticmaterial with well defined elasticdomain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficiently large domain of strain

and water content. Wechoosethestrain measureto be = ρ/ ρr , whereρ is thepartial density of thesolid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, where theelastic domain

isassumed to be linear with theslopesof elastic curvesfitted using thereloading part of thedata.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-
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Figure 2: a) Experimental st ress-st rain curves of purified bentonite at various constant values of water

content η. b) Simplified st ress-st rain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic st rain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling st rain sw as a funct ion of water content η for various values of

init ial st rain 0
sw . In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling st rain sw = sw ( 0
sw , η).

The expected qualitat ive behaviour of free swelling st rain is shown in Fig. 3.

1.4.1 One dim ensional const r ained swel l ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

st rain p, water content η and x-direct ional normal st ress σ (see fig. 4). The water content of the bentonite

is then changed to a new value η = η + ∆ η (at this point we rest rict to wet t ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be dist ributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the st ress from
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indicated.
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form
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where s = sign
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and τc is the slip wall stress. Furthermore, we assume that this crit ical value of wall

stress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal stress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal stress σ and Poisson rat io ν

as σ⊥ =
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σ. It follows from Eqns. (1) and (2) that |
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient. The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

Wetake the wet bentonite to beelasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content. We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fitted using the reloading part of the data.
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The(force) balanceequation of an infinitesimal bentoniteelement of length dx (seeFig. 1.1) isgiven by
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/solutionsdependingon thesign s of thestressgradient. Thesign must befound separately based on

theswellingmechanism(seebelow).

1.3 Material properties

Wetakethewet bentonitetobeelasto-plasticmaterial withwell definedelasticdomainandyieldbehaviour,

and assumethat all thenecessary material parametersaremeasured in sufficiently largedomain of strain

and water content. Wechoosethestrain measuretobe = ρ/ρr , whereρ isthepartial density of thesolid

phaseand ρr isa referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour isreplaced by aqualitativemodel, wheretheelastic domain

isassumed tobelinear with theslopesof elastic curvesfitted using thereloadingpart of thedata.
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swelling model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial strain 0
sw. In other words, we assume that, in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw, η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart. The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

strain p, water content η and x-direct ional normal stressσ (seefig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/solutionsdependingon thesign s of thestressgradient. Thesign must befound separately based on
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phaseand ρr isa referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a
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Figure 2: a) Experimental stress-strain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-strain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic strain (see Fig. 2 b)

1.4 Swelling model
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The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swell ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart. The bentonite is
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strain p, water content η and x-direct ional normal stressσ (seefig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wett ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be distributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of strain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Kuvamerkint öjä: p e σ σY η

dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk)(dx j + ∂l u
j dx l ) (merkit ään: ∂i ≡
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uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdepending on thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism (seebelow).
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and assume that all thenecessary material parameters aremeasured in sufficiently largedomain of strain

and water content. Wechoosethestrain measureto be = ρ/ρr , whereρ is thepartial density of thesolid

phaseand ρr is a referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, wheretheelastic domain

isassumed to belinear with theslopesof elastic curvesfitted using thereloading part of thedata.
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).
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uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).
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∂

∂x i
)

= gi j dx i dx j + gi j (∂l u
j dx l dx i + ∂kui dxkdx j + ∂kui∂l u

j dxkdx l )

= ...

= dl2 + 2 i j dx i dx j ,

2

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

−Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the t ransverse normal st ress which, in the case of one-

dimensional constricted strain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. It follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-st rain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Figure 2: a) Experimental st ress-st rain curves of purified bentonite at various constant values of water

content η. b) Simplified stress-st rain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic st rain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling strain sw as a funct ion of water content η for various values of

init ial st rain 0
sw . In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling strain sw = sw( 0
sw , η).

The expected qualitat ive behaviour of free swelling strain is shown in Fig. 3.

1.4.1 One dimensional const rained swel l ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

st rain p, water content η and x-direct ional normal stressσ (see fig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we restrict to wet t ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be dist ributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the stress from
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content η. b) Simplified stress-st rain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield st ress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic strain e = e( p, η)

where = ∆ h/ h0 is the linear strain and p is the plast ic st rain (see Fig. 2 b)
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The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by
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The wall frict ion τ is assumed to be of the form
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and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal st ress which, in the case of one-

dimensional constricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν
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where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the st ress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured st ress-st rain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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the swelling mechanism (see below).
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and water content . We choose the strain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured stress-st rain behaviour of bentonite in a

uniaxial const rained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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Kuvamerkintöjä: p e Y σ σY( ,η) κ( p,η) η= const.

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the transverse normal st ress which, in the case of one-

dimensional const ricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. I t follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the st rain measure to be = ρ/ ρr , where ρ is the part ial density of the solid

phase and ρr is a reference density. An example of the measured st ress-st rain behaviour of bentonite in a

uniaxial const rained compression experiment at various values of water content η is shown in Fig. 1.3 a).

For simplicity, the actual measured behaviour is replaced by a qualitat ive model, where the elast ic domain

is assumed to be linear with the slopes of elast ic curves fit ted using the reloading part of the data.
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∂

∂x i
)

= gi j dx i dx j + gi j (∂l u
j dx l dx i + ∂kui dxkdx j + ∂kui ∂l u

j dxkdx l )

= ...

= dl2 + 2 i j dx i dx j ,

2

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the t ransverse normal st ress which, in the case of one-

dimensional const ricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. I t follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-

t ions/ solut ions depending on the sign s of the stress gradient . The sign must be found separately based on

the swelling mechanism (see below).

1.3 M at er ial proper t ies

We take the wet bentonite to be elasto-plast ic material with well defined elast ic domain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficient ly large domain of st rain

and water content . We choose the st rain measure to be = ρ/ ρr , where ρ is the part ial density of the solid
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The(force) balanceequation of an infinitesimal bentoniteelement of length dx (seeFig. 1.1) isgiven by
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where RH = 2A/ l is the hydraulic radius of the channel. Notice that there are two different equa-

tions/ solutionsdepending on thesign s of thestressgradient. Thesign must befound separately based on

theswelling mechanism (seebelow).

1.3 Material propert ies

Wetakethewet bentonitetobeelasto-plasticmaterial with well defined elasticdomain and yield behaviour,

and assume that all the necessary material parameters are measured in sufficiently large domain of strain

and water content. Wechoosethestrain measureto be = ρ/ρr , whereρ is thepartial density of thesolid

phaseand ρr is a referencedensity. An exampleof themeasured stress-strain behaviour of bentonite in a

uniaxial constrained compression experiment at various values of water content η is shown in Fig. ?? a).

For simplicity, theactual measured behaviour is replaced by a qualitativemodel, where theelastic domain

isassumed to belinear with theslopesof elastic curvesfitted using thereloading part of thedata.
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∂

∂xi
)

= gi j dxidxj + gi j (∂lu
j dxldxi + ∂kuidxkdxj + ∂ku

i∂lu
j dxkdxl)

= ...

= dl2 + 2 i j dxidxj ,

2

The (force) balance equat ion of an infinitesimal bentonite element of length dx (see Fig. 1.1) is given by

− Adσ + τ ldx = 0. (1)

The wall frict ion τ is assumed to be of the form

τ = s min
A

l
|
dσ

dx
|, τc , (2)

where s = sign
dσ

dx
and τc is the slip wall st ress. Furthermore, we assume that this crit ical value of wall

st ress is given by

τc = µσ⊥ , (3)

where µ is the frict ion coefficient and σ⊥ , is the the t ransverse normal st ress which, in the case of one-

dimensional constricted st rain condit ion, is given in terms of the longitudinal st ress σ and Poisson rat io ν

as σ⊥ =
ν

1− ν
σ. I t follows from Eqns. (1) and (2) that |

dσ

dx
| ≤

l

A
τc. In the no-slip case |

dσ

dx
| <

l

A
τc, the

balance equat ion (1) is ident ically fulfilled. The slip condit ion |
dσ

dx
| =

l

A
τc leads to a balance equat ion

dσ

dx
= s

2

RH

µν

1− ν
σ, (4)

where RH = 2A/ l is the hydraulic radius of the channel. Not ice that there are two different equa-
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Kuvamerkint öj ä: p e σ σY ( p, η) κ( p, η) η = const.

dl 2 = gi j dx i dx j

= gi j (dx i + dui )(dx j + duj )

= gi j (dx i + ∂kui dxk )(dx j + ∂l u
j dx l ) (merkit ään: ∂i ≡
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phase and ρr is a reference density. An example of the measured st ress-st rain behaviour of bentonite in a
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Figure 2: a) Experimental st ress-st rain curves of purified bentonite at various constant values of water

content η. b) Simplified st ress-st rain behaviour with linear elast ic domain.

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Poisson rat io ν = ν( p, η)

where p is the effect ive plast ic st rain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling st rain sw as a funct ion of water content η for various values of

init ial st rain 0
sw . In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling st rain sw = sw( 0
sw , η).

The expected qualitat ive behaviour of free swelling st rain is shown in Fig. 3.

1.4.1 One dimensional const r ained swel l ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

st rain p, water content η and x-direct ional normal st ressσ (see fig. 4). The water content of the bentonite

is then changed to a new valueη = η + ∆ η (at this point we rest rict to wet t ing such that ∆ η ≥ 0), assuming

slow enough process such that water can be assumed to be dist ributed homogeneously in the material at

all t imes. Simultaneously, a new mechanical state of the material is changed by adjust ing the st ress from

3

Figure 2: a) Experimental st ress-st rain curves of purified bentonite at various constant values of water

content η. b) Simplified st ress-st rain behaviour with linear elast ic domain.

We assume that the following material parameters are measured in a sufficient ly large domain of variables

indicated.

• Yield st ress σY = σY ( , η).

• Elast ic modulus (P -wave modulus) M = M ( p, η)

• Maximum elast ic st rain e = e( p, η)

where = ∆ h/ h0 is the linear st rain and p is the plast ic st rain (see Fig. 2 b)

1.4 Swell ing model

In order to include generat ion of swelling pressure in the model, we assume that the volume change induced

by swelling at zero pressure is measured for a sufficient ly large range of water content and init ial dry density.

Such an experiment leads to free swelling st rain sw as a funct ion of water content η for various values of

init ial st rain 0
sw . In other words, we assume that , in addit ion to material propert ies listed above, the

following funct ion is known.

• Free swelling st rain sw = sw( 0
sw , η).

The expected qualitat ive behaviour of free swelling st rain is shown in Fig. 3.

1.4.1 One dimensional const r ained swel l ing

Consider an amount of bentonite between two large parallel plates distance ∆ x apart . The bentonite is

assumed to be in hydromechanical equilibrium state with constant dry density ρ , st rain = ρ / ρr , plast ic

st rain p, water content η and x-direct ional normal st ressσ (see fig. 4). The water content of the bentonite
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Problem: How to ensure homogeneous 

wetting/swelling. 



1D swelling model 

Assumptions: 

• The state of the material system is prescribed by three variables: strain, water 

content and stress: 

• The stress-strain relationship at a given water content      is independent of 

the path taken by the system to reach that value of water content  

Consider a change of state of a material element from a known  

initial state                  to a final state   

Assume that the new water content       and strain      are known.  

The task is to calculate the new stress value  



Calcuation of stress 

Assume that the process         can be divided in three steps: 

• Elastic expansion to zero stress at constant water content 

• Wetting and free swelling to new water content 

• Compression to final stress at constant water content  



Hydromechanical model of swelling in a narrow channel 

Bentonite Water 

Water transport Expansion 

Consider a long straight channel with cross-section A and circumference l partially 

filled with compacted bentonite and water at known pressure pW . 

Assumptions: 

• Wet bentonite treated as locally homogeneous mixture of solid and water (gas phase 

taken into account implicitely through material properties of unsaturated bentonite) 

• Bentonite is an elasto-plastic material (as specified earlier) 

• Water transport mechanism in bentonite is assumed known (here, simple diffusion). 

• The swelling process is assumed quasistationary such that 

- Time evolution determined by water transport 

- At each instant of time, bentonite is assumed to be in a mechanical equilibrium  

  with respect to the internal stress and wall friction, at a given moisture  

  distribution and boundary conditions.  
 



1D model equations 

1. Water transport (Here: diffusion in the material frame)  

and the given boundary conditions are fulfilled.  

 

Here: 

2. Deformation. A strain field found such that the mechanical balance equation   



Numerical solution 

Bentonite Water 

Water transport Expansion 

Solid phase pathlines in the channel  

according to the 1D expansion model  



Experiments using X-ray imaging 

X-ray tomographic scanner used in making an x-ray image movie 

of the wetting process 

Acrylic square channel 

(13 mm x 5 mm) 

 

Water 

 

 

Wetted zone 

 

 

 

Dry bentonite 

 

 

Sintered plate  

bottom 

 

 

Scanner (SkyScan 1072) 

Sample holder and sample 

after 24 h wetting 



X-ray movie of swelling bentonite with 

metallic marker particles 



Motion tracking by  

image correlation Experiment 

Model 



Calibration of X-ray image grey scale (plan)  

Sample and sample holder in a 

liquid nitrogen 

Deep frozen 

sample 
Slicing 

Drying ... 

Prospective: Combined information from motion 

tracking and post mortem water content measurement 

allows calibration of x-ray image grey scale to local solid 

and water content during swelling. 

Direct experimental measurement of solid 

density           and water content  

Weighing 

? 

Measurement of local water content distribution in the final state 

(partially wetted sample) 

Model validation etc... 



General 3D model. Governing equations  
(Based on hypoelastic formulation generalized to include wetting) 

Rate equations for stress tensor, effective strain and effective plastic strain  

where 

and more ... 



General 3D stress model with finite deformations, plasticity 

and wetting/swelling 

 
Test solutions for predetermined deformation and wetting   

Original (dashed lines) and deformed grid (solid lines) 

with scaled displacement vectors (arrows) and water 

content in the final state (gray scale color) for a test 

calculation for the 3D stress model 

Stress eigenvalues of the material points of test grid in the 

final deformed state state (red dots) shown in the 3D stress 

eigenspace. The surface is the final yield surface of a selected 

point indicated as green dot in fig. a) 


